Abstract. We consider finitely generated normal algebras over an algebraically closed field of characteristic zero that come with a complexity one grading by a finitely generated abelian group such that the conditions of a UFD are satisfied for homogeneous elements. Our main results describe these algebras in terms of generators and relations. We apply this to write down explicitly the possible Cox rings of normal complete rational varieties with a complexity one torus action.
Statement of the results
The subject of this note are finitely generated normal algebras R = ⊕ K R w over some algebraically closed field K of characteristic zero graded by a finitely generated abelian group K. We are interested in the following homogeneous version of a unique factorization domain: R is called factorially (K-)graded if every homogeneous nonzero nonunit is a product of K-primes, where a K-prime element is a homogeneous nonzero nonunit f ∈ R with the property that whenever f divides a product of homogeneous elements, then it divides one of the factors. For free K, the properties factorial and factorially graded are equivalent [3] , but for a K with torsion the latter is more general. Our motivation to study factorially graded algebras is that the Cox rings of algebraic varieties are of this type, see for example [2] .
We focus on effective K-gradings of complexity one, i.e., the w ∈ K with R w = 0 generate K and K is of rank dim(R) − 1. Moreover, we suppose that the grading is pointed in the sense that R 0 = K holds. The case of a free grading group K and hence factorial R was treated in [5, Section 1] . Here we settle the more general case of factorial gradings allowing torsion. Our results enable us to write down explicitly the possible Cox rings of normal complete rational varieties with a complexity one torus action. This complements [6] , where the Cox ring of a given variety was computed in terms of the torus action.
In order to state our results, let us fix the notation. For r ≥ 1, let A = (a 0 , . . . , a r ) be a sequence of vectors a i = (b i , c i ) in K 2 such that any pair (a i , a k ) with k = i is linearly independent, n = (n 0 , . . . , n r ) a sequence of positive integers and L = (l ij ) a family of positive integers, where 0 ≤ i ≤ r and 1 ≤ j ≤ n i . For every 0 ≤ i ≤ r, define a monomial
Moreover, for any two indices 0 ≤ i, j ≤ r, set α ij := det(a i , a j ) = b i c j − b j c i and for any three indices 0 ≤ i < j < k ≤ r define a trinomial
We define a grading of S by an abelian group K such that all the g i,j,k become homogeneous of the same degree. For this, consider the free abelian groups
where we set n := n 0 + . . . + n r . Set l i := (l i1 , . . . , l ini ). Then we have a linear map P : F → N defined by the r × n matrix
Let P * : M → E be the dual map, set K := E/P * (M ) and let Q : E → K be the projection. Let (e ij ) be the dual basis of (f ij ) and define a K-grading on S by deg(T ij ) := Q(e ij ). Then all g i,j,k are homogeneous of the same degree and we obtain a K-graded factor algebra
We say that the triple (A, n, L) is sincere, if r ≥ 2 and n i l ij > 1 for all i, j hold; this ensures that there exist in fact relations g i,j,k and none of these relations contains a linear term. Note that for r = 1 we obtain the diagonal complexity one gradings of the polynomial ring S. Theorem 1.1. Let (A, n, L) be any triple as above.
(i) The algebra R(A, n, L) is factorially K-graded; the K-grading is effective, pointed and of complexity one.
is factorial if and only if the group K is torsion free.
The second part of this theorem provides examples of factorially graded algebras which are not factorial; note that K is torsion free if and only if the numbers l i := gcd(l i1 , . . . , l ini ) are pairwise coprime. The associated algebra R(A, n, L) is factorially K-graded but not factorial. It is explicitly given by
. Obvious further examples of algebras with an effective pointed factorial grading We turn to Cox rings. Roughly speaking, the Cox ring of a complete normal variety X with finitely generated divisor class group Cl(X) is given as
see [2] for the details of the precise definition. As mentioned, our aim is to write down all possible Cox rings of normal rational complete varieties with a complexity one torus action. They are obtained from R(A, n, L)[S 1 , . . . , S m ] by coarsening the (K × Z m )-grading as follows. Let 0 < s < n + m − r, consider an integral s × n matrix d, an integral s × m matrix d ′ and the block matriẋ
where d and d ′ are chosen in such a manner that the columns of the matrixṖ are pairwise different primitive vectors in Z r+s which generate Q r+s as a cone. Consider the linear map of latticesṖ :F →Ṅ , wherë
LetṖ * :Ṁ →Ë be the dual map andQ :Ë →K the projection, whereK := E/Ṗ * (Ṁ ). Denoting by e ij , e k the dual basis to f ij , f k , we obtain aK-grading of
Theorem 1.4. In the above notation, the following holds.
is the Cox ring of a Q-factorial rational projective variety with a complexity one torus action.
Theorem 1.5. Let X be a normal rational complete variety with a torus action of complexity one. Then the Cox ring of X is isomorphic as a graded ring to some
with aK-grading as constructed above.
Proof of the results
A very first observation lists basic properties of the K-grading of R(A, n, L). We denote by T n := (K * ) n the standard n-torus. Moreover, we work with the diagonal action of the quasitorus H := Spec K[K] on K n given by t·z = (χ ij (t)z ij ), where χ ij ∈ X(H) is the character corresponding to Q(e ij ) = deg(T ij ). By definition, this action stabilizes the zero set
Proposition 2.1. The algebra R(A, n, L) is normal, the K-grading is pointed, effective and of complexity one.
Proof. Effectivity of the K-grading is given by construction, because the degrees
which means that the K-grading is of complexity one. Now consider the action of the quasitorus
is the kernel of the homomorphism of tori
The set X ⊆ K n of common zeroes of all the g i,i+1,i+2 is H-invariant and thus it is invariant under the one-parameter subgroup of H given by
Since all ζ ij are positive, any orbit of this one-parameter subgroup in K n has the origin in its closure. Consequently, every H-invariant function on X is constant. This shows R(A, n, L) 0 = K.
We say that a Weil divisor on X is H-prime if it is non-zero, has only multiplicities zero or one and the group H permutes transitively the prime components with multiplicity one. Note that the divisor div(f ) of a homogeneous function f ∈ R(A, n, L) on X is H-prime if and only if f is K-prime [4, Prop. 3.2]. The following is an essential ingredient of the proof. Proposition 2.2. Regard the variables T ij as regular functions on X.
(i) The divisors of the T ij on X are H-prime and pairwise different. In particular, the T ij define pairwise nonassociated K-prime elements in R(A, n, L). (ii) If the ring R(A, n, L) is factorial and n i l ij > 1 holds, then the divisor of T ij on X is even prime.
Proof. For (i), we exemplarily show that the divisor of T 01 is H-prime. First note that by [5, Lemma 1.3] the zero set V ( X; T 01 ) is described in K n by the equations (2.1)
, the above equations are equivalent to
Now, choose a pointx ∈ K n h satisfying these equations. Thenx 01 is the only vanishing coordinate ofx. Any other such point is of the form (0, t 02x02 , . . . , t rnrxrnr ),
Setting t 01 := t −l02
, we obtain an element t = (t ij ) ∈ H such that the above point equals t·x. This consideration shows
Using [5, Lemma 1.4], we see that V ( X; T 01 , T ij ) is of codimension at least two in X whenever (i, j) = (0, 1). This allows to conclude V ( X; T 01 ) = H ·x.
Thus, to obtain that T 01 defines an H-prime divisor on X, we only need that the equations (2.1) define a radical ideal. This in turn follows from the fact that their Jacobian at the pointx ∈ V ( X; T 01 ) is of full rank.
To verify (ii), let R(A, n, L) be factorial. Assume that the divisor of T ij is not prime. Then we have T ij = h 1 · · · h s with prime elements h l ∈ R(A, n, L). Consider their decomposition into homogeneous parts
Plugging this into the product h 1 · · · h s shows that deg(T ij ) is a positive combination of some deg(T kl ) with (k, l) = (i, j). Thus, there is a vector (c kl ) ∈ ker(Q) ⊆ E with c ij = 1 and c kl ≤ 0 whenever (k, l) = (i, j). Since, ker(Q) is spanned by the rows of P , we must have n i = 1 and l ij = 1, a contradiction to our assumptions.
We come to the main step of the proof, the construction of a T -variety having R(A, n, L)[S 1 , . . . , S m ] as its Cox ring. We will obtain X as a subvariety of a toric variety Z and the construction of Z is performed in terms of fans. As before, consider the latticeF
LetΣ be the fan inF having the rays̺ ij and̺ k through the basis vectors f ij and f k as its maximal cones. Let 0 < s < n + m − r, choose an integral s × n matrix d and an integral s × m matrix d ′ . Consider the (block) matrices
and suppose that the columns of the first one are primitive, pairwise different and generateṄ Q as a cone, whereṄ := Z r+s . With N := Z r , we have the projection B :Ṅ → N onto the first r coordinates and the linear mapsṖ :F →Ṅ and P :F → N respectively given by the above matrices.
LetΣ be the fan inṄ with the rays̺ ij :=Ṗ (̺ ij ) and̺ k :=Ṗ (̺ k ) as its maximal cones. The ray ̺ ij through the ij-th column of P is given in terms of the canonical basis vectors v 1 , . . . , v r in N = Z r as
For fixed i all ̺ ij are equal to each other; we list them nevertheless all separately in a system of fans Σ having the zero cone as the common gluing data; see [1] for the formal definition of this concept. Finally, we have the fan ∆ in Z r with the rays Q ≥0 v i and −Q ≥0 (v 1 + . . . + v r ) as its maximal cones.
The toric varietyZ associated toΣ has Spec K[Ë] ∼ = T n+m as its acting torus, whereË is the dual lattice ofF . The fanΣ inṄ defines a toric varietyŻ and the system of fans Σ defines a toric prevariety Z. The toric prime divisors corresponding to the rays̺ ij ,̺ k ∈Σ,̺ ij ,̺ k ∈Σ and ̺ ij ∈ Σ, are denoted as
The toric variety associated to ∆ is the open subset P
r ⊆ P r of the projective space obtained by removing all toric orbits of codimension at least two. The mapsṖ and P define toric morphismsπ :Z →Ż andπ :Z → Z. Moreover, B :Ṅ → N defines a toric morphism β :Ż → Z and the identity Z r → Z r defines a toric morphism κ : Z → P (1) r . These morphisms fit into the commutative diagram
is a local isomorphism which, for fixed i, identifies all the divisors D ij with 1 ≤ j ≤ n i . LetḢ ⊆ T n+m andḦ ⊆ T n+m be the kernels of the toric morphismsπ :Z →Ż andπ :Z → Z respectively. Here are the basic features of our construction. (ii) The quasitorusḢ acts freely onZ andπ :Z →Ż is the geometric quotient for this action. (iii) The factor group G :=Ḧ/Ḣ is isomorphic to T s and it acts canonically onŻ.
(iv) The G-action onŻ has infinite isotropy groups alongḊ 1 , . . . ,Ḋ m and isotropy groups of order l ij alongḊ ij . (v) WithŻ 0 :=Ż \ (Ḋ 1 ∪ . . . ∪Ḋ m ), the restriction β :Ż 0 → Z is a geometric quotient for the action of G onŻ.
Proof. The fact thatπ :Z 0 → Z andπ :Z →Ż are geometric quotients is due to known characterizations of these notions in terms of (systems of) fans, see e.g. [1] . As a consequence, also β :Ż 0 → Z is a geometric quotient for the induced action of G =Ḧ/Ḣ. We verify the remaining part of (i). According to [2, Prop. II.1.4.2], the isotropy group ofḢ = ker(π) at a distinguished point z̺ ∈Z has character group isomorphic to
By the choice of d and d ′ , the mapṖ sends the primitive generators of the rays of Σ to the primitive generators of the rays ofΣ. Thus we obtain that the isotropy of z̺ ij and z̺ k are all trivial.
We turn to (iii). With the dual latticesṀ ofṄ and M of N , we obtain the character groups ofḢ andḦ and the factor groupḦ/Ḣ as
By definition of the matrices ofṖ andP , we haveṖ
This implies G ∼ = T s as claimed. To see (iv), note first that the group G equals ker(β) and hence corresponds to the sublattice ker(B) ⊆ Z r+s . Thus, the isotropy group G z̺ for the distinguished point z̺ ∈Ż corresponding to̺ ∈Σ has character group isomorphic to
Consequently, for̺ =̺ k the isotropy group G z̺ is infinite and for̺ =̺ ij it is of order l ij . Now we come to the construction of the embedded variety. Let δ ⊆F Q be the orthant generated by the basis vectors f ij and f k . The associated affine toric variety Z ∼ = K n+m is the spectrum of the polynomial ring
Moreover, Z containsZ as an open toric subvariety and the complement Z \Z is the union of all toric orbits of codimension at least two. Regarding the trinomials g i,j,k ∈ S as elements of the larger polynomial ring S[S 1 , . . . , S m ], we obtain an H-invariant subvariety (i)Ẋ ⊆Ż is a normal closed G-invariant s + 1 dimensional variety, Y ⊆ Z is a closed non-separated curve and κ(Y ) ⊆ P r is a line. (ii) The intersectionĊ ij :=Ẋ ∩Ḋ ij with the toric divisorḊ ij ⊆Ż is a single G-orbit with isotropy group of order l ij . (iii) The intersectionĊ k :=Ẋ ∩Ḋ k with the toric divisorḊ k ⊆Ż is a smooth rational prime divisor consisting of points with infinite G-isotropy.
(iv) For every point x ∈Ẋ not belonging to someĊ ij or to someĊ k , the isotropy group G x is trivial. (v) The varietyẊ satisfies Γ(Ẋ, O) = K, its divisor class group and Cox ring are given by
The variables T ij and S k define pairwise nonassociatedK-prime elements
There is a G-equivariant completionẊ ⊆ X with a Q-factorial projective variety X such that R(X) = R(Ẋ) holds.
Proof. By the definition ofP andḦ, the closed subvariety X ⊆ Z is invariant under the action ofḦ. In particular,Ẍ isḢ-invariant and thus the imageẊ :=π(Ẍ) under the quotient map is closed as well. Moreover, the dimension ofẊ equals dim(Ẍ/Ḣ) = s + 1. Analogously we obtain closedness of Y =π(Ẍ). The image κ(Y ) = κ(π(Ẍ)) is given in P r by the equations
with the variables U 0 , . . . , U r on P r corresponding to the toric divisors given by the rays Q ≥0 v i and −Q ≥0 (v 0 + . . . + v r−1 ) of ∆; to see this, use that pulling back the above equations via κ •π gives the defining equations forẌ. Consequently κ(Y ) is a projective line. This shows (i). We turn to (ii). According to Proposition 2.2, the intersectionẌ ∩D ij is a singlë H-orbit. Sinceπ :Ẍ →Ẋ is a geometric quotient for theḢ-action, we conclude thaṫ C ij =π(D ij ) is a single G-orbit. Moreover, sinceḢ acts freely, the isotropy group of G =Ḧ/Ḣ alongĊ ij equals that ofḦ alongD ij which, by Proposition 2.3 (iv), is of order l ij .
For (iii) note first that the restrictions β :Ḋ k → Z and are isomorphisms onto the acting torus of Z. Moreover, the restricting κ gives an isomorphism of the acting tori of Z and P r . Consequently, β mapsĊ k isomorphically onto the intersection of the line Y with the acting torus of P r . Thus,Ċ k is a smooth rational curve. Proposition 2.3 (iv) ensures thatĊ k consists of fixed points. Assertion (iv) is clear.
We prove (v). From Proposition 2.1, we infer Γ(Ẍ, O)Ḣ = K which implies Γ(Ẋ, O) = K. The next step is to establish a surjectionK → Cl(Ẋ), whereK := E/Ṗ * (Ṁ ) is the character group ofḢ. Consider the push forwardπ * from thė H-invariant Weil divisors onẌ to the Weil divisors onẊ sendingD toπ(D). For everyẇ ∈K, we fix aẇ-homogeneous rational function fẇ ∈ K(Ẋ) and define a map
. One directly checks that this does not depend on the choice of the fẇ and thus is a well defined homomorphism. In order to see that it is surjective, note that due to Proposition 2.1, we obtainĊ ij asπ * div(T ij ) andĊ k asπ * div(T k ). The claim then follows from the observation that removing allĊ ij andĊ k fromẊ leaves the seṫ X ∩ T r+s which is isomorphic to V × T r with a proper open subset V ⊆ κ(Y ) and hence has trivial divisor class group. Finally, we construct a completion ofẊ ⊆ X as wanted in (vi). Choose any simplicial projective fanΣ ′ inṄ having the same rays as Σ, see [7, Corollary 3.8 ]. The associated toric varietyŻ ′ is projective and it is the good quotient of an open toric subsetZ ′ ⊆ Z by the action ofḢ. The closure X ofẊ inŻ ′ is projective and, as the good quotient of the normal variety X ∩Z ′ , it is normal. By Proposition 2.2, the complement X \Ẋ is of codimension at least two, which gives R(X) = R(Ẋ). From [4, Cor. 4 .13] we infer that X is Q-factorial. We are ready to verify the main results. As mentioned, Theorem 1.3 follows from [6, Sec. 3] . Moreover, the statements of Theorem 1.4 are contained in Proposition 2.4.
Proof of Theorem 1.1. According to Proposition 2.1, the algebra R(A, n, L) is normal and the K-grading is effective, pointed and of complexity one. By Proposition 2.4, the algebra R(A, n, L)[S 1 , . . . , S m ] is a Cox ring and hence it is factorially graded, see [4] . Clearly the graded subring R(A, n, L) inherits the latter property. Now suppose that (A, n, L) is a sincere triple. If K is torsion free, then Kfactoriality of R(A, n, L) implies factoriality, see [3, Theorem 4.2] . Conversely, if R(A, n, L) is factorial, then the generators T ij are prime by Proposition 2.2. From [5, Lemma 1.5], we then infer that the numbers gcd(l i1 , . . . , l ini ) are pairwise coprime. This implies that P : F → N is surjective and thus K is torsion free. For r < 2, the variety X is toric, we may assume that T acts as a subtorus of the big torus and the assertion follows by standard toric geometry. So, let r ≥ 2. By construction, the grading of R(A, n, L)[S 1 , . . . , S m ] by K := K × Z m is the finest possible such that all variables T ij and S k are homogeneous. Consequently, we have exact sequences of abelian groups fitting into a commutative diagram
In particular we extract from this the following two commutative triangles, where the second one is obtained by dualizing the first one where H = H/Ḣ and H ij = H/ḢH ij . Using (2.6) and passing to the character groups we arrive at a commutative diagram
/ / Z/l ij Z / / 0 with exact rows. As seen before, the group K(i, j) is free abelian. Consequently, also K must be free abelian. Now the snake lemma tells us thatṀ /M is free as well. In particular, the first vertical sequence of (2.2) splits. Thus, we obtain the desired matrix presentation oḟ P from rewriting the second commutative triangle of (2.3) as
t t t t t t t t t N

